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For a nonautonomous linear equation v ′ = A(t)v in a Banach space with a nonuniform
exponential dichotomy, we show that the nonlinear equation v ′ = A(t)v + f (t, v, λ) has
stable invariant manifolds Vλ which are Lipschitz in the parameter λ provided that f is
a suﬃciently small Lipschitz perturbation. Since any linear equation with nonzero Lyapunov
exponents has a nonuniform exponential dichotomy, the above assumption is very general.
We emphasize that passing from a classical uniform exponential dichotomy to a general
nonuniform exponential dichotomy requires a substantially new approach.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The notion of exponential dichotomy, going back to Perron in [9], plays a central role in the study of stable and unstable
invariant manifolds. In particular, the existence of an exponential dichotomy for a linear equation
v ′ = A(t)v (1)
in a Banach space ensures the existence of stable and unstable invariant manifolds under suﬃciently small nonlinear pertur-
bations. More generally, we can consider a linear equation as in (1) with a nonuniform exponential dichotomy (see Section 2
for the deﬁnition) and also construct stable and unstable manifolds under suﬃciently small nonlinear perturbations. It turns
out that the nonuniform exponential behavior is much more common than the (uniform) exponential behavior, although it
still allows the development of a quite rich stability theory, besides its privileged relation with ergodic theory. For example,
almost all linear variational equations with nonzero Lyapunov exponents obtained from a measure-preserving ﬂow have a
nonuniform exponential dichotomy. We refer to [1,5] for related discussions.
Our main objective is to show how stable invariant manifolds for perturbations of nonuniform exponential dichotomies
vary with a parameter λ in the perturbation. More precisely, we consider nonlinear perturbations
v ′ = A(t)v + f (t, v, λ)
of Eq. (1) and show that there are Lipschitz stable invariant manifolds Vλ which are Lipschitz in the parameter λ provided
that f is a suﬃciently small Lipschitz perturbation. Our approach is inspired in former work in [4].
We brieﬂy describe the relevant references on stable manifold theorems in the context of nonuniform exponential be-
havior. The initial proof by Pesin in [10] is an elaboration of the classical work of Perron. In [12] Ruelle obtained a proof
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ergodic theorem [8]. Another proof is due to Pugh and Shub in [11] with an elaboration of the classical work of Hadamard
using graph transform techniques. In [6] Fathi, Herman and Yoccoz provided a detailed exposition of the stable manifold
theorem essentially following the approaches of Pesin and Ruelle. There are also versions of the stable manifold theorem
for dynamical systems in inﬁnite-dimensional spaces. In [13] Ruelle established a version in Hilbert spaces, following his
approach in [12]. In [7] Mañé considered transformations in Banach spaces under certain compactness and invertibility as-
sumptions, including the case of differentiable maps with compact derivative at each point. We show in [2] that there exist
stable invariant manifolds for the nonuniformly hyperbolic trajectories of a family of dynamics that in general are at most of
class C1. In [3] we obtain Ck stable manifolds in Banach spaces, using a single ﬁxed point problem to obtain all derivatives
simultaneously.
2. Standing assumptions
Let X be a Banach space, and let A :R+0 → B(X) be a continuous function, where B(X) is the set of bounded linear
operators in X . We consider the initial value problem
v ′ = A(t)v, v(s) = vs (2)
with s 0 and vs ∈ X . We write each solution of Eq. (2) in the form v(t) = T (t, s)vs for t  0, where T (t, s) is the associated
evolution operator.
We say that Eq. (2) admits a nonuniform exponential dichotomy if there exist projections P (t) for t  0 such that
P (t)T (t, s) = T (t, s)P (s), t, s 0,
and there exist constants
a < 0 b, ε  0 and D > 0 (3)
such that for every t  s 0 we have
∥∥T (t, s)P (s)∥∥ Dea(t−s)+εs, ∥∥T (t, s)−1Q (t)∥∥ De−b(t−s)+εt,
where Q (t) = Id−P (t) for each t  0. We also consider the subspaces
E(t) = P (t)X and F (t) = Q (t)X .
The unique solution of Eq. (2) can be written in the form
v(t) = (U (t, s)ξ, V (t, s)η), t  0,
where vs = (ξ,η) ∈ E(s) × F (s),
U (t, s) = P (t)T (t, s) and V (t, s) = Q (t)T (t, s).
We also consider nonlinear perturbations of Eq. (2). Namely, let Y be a Banach space (which is the parameter space) and
let f :R+0 × X × Y → X be a continuous function such that:
1. f (t,0, λ) = 0 for every t  0 and λ ∈ Y ;
2. for some constants K ,q > 0 we have
∥∥ f (t,u, λ) − f (t, v, λ)∥∥ K‖u − v‖(‖u‖q + ‖v‖q) (4)
and
∥∥ f (t,u, λ) − f (t,u,μ)∥∥ K‖λ − μ‖ · ‖u‖q+1 (5)
for every t  0, u, v ∈ X , and λ,μ ∈ Y .
For example, if
f (t, v, λ) =
N∑
j=0
λ j f j(t, v)
for some functions f j :R
+
0 × X → X , and there exist constants c,q > 0 such that∥∥ f j(t,u) − f j(t, v)∥∥ c‖u − v‖(‖u‖q + ‖v‖q)
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spaces, using appropriate cutoffs we can then obtain the inequalities (4) and (5) in the whole space.
Given s 0 and an initial condition vs = (ξ,η) ∈ E(s) × F (s), let(
x(t), y(t)
)= (x(t, s, vs, λ), y(t, s, vs, λ))
be the unique solution of the initial value problem
v ′ = A(t)v + f (t, v, λ), v(s) = vs
or, equivalently, of the problem
x(t) = U (t, s)ξ +
t∫
s
U (t, r) f
(
r, x(r), y(r), λ
)
dr,
y(t) = V (t, s)η +
t∫
s
V (t, r) f
(
r, x(r), y(r), λ
)
dr.
For each τ  0, we write
Ψ λτ (s, vs) =
(
s + τ , x(s + τ , s, vs, λ), y(s + τ , s, vs, λ)
)
.
This is the ﬂow generated by the autonomous equation
t′ = 1, v ′ = A(t)v + f (t, v, λ).
3. Stable invariant manifolds
We formulate in this section our stable manifold theorem. We obtain Lipschitz stable manifolds which are also Lipschitz
in the parameter λ.
We ﬁrst describe the space in which we look for the invariant manifolds. Let α = ε(1 + 2/q) with ε as in (3). Given
δ > 0, we consider the set of initial conditions
Xα = Xα(δ) =
{





where Bs(δ) ⊂ E(s) is the open ball of radius δ > 0 centered at zero. We denote by Xα the space of continuous functions
φ : Xα → X such that
φ(s,0) = 0, φ(s, Bs(δe−αs))⊂ F (s),
and
∥∥φ(s, ξ) − φ(s, ξ¯ )∥∥ ‖ξ − ξ¯‖
for every s  0 and ξ, ξ¯ ∈ Bs(δe−αs). Furthermore, we denote by Yα the space of continuous functions Φ : Y → Xα such
that, writing Φ(λ) = φλ , for every s 0, ξ ∈ Bs(δe−αs), and λ,μ ∈ Y we have∥∥φλ(s, ξ) − φμ(s, ξ)∥∥ ‖λ − μ‖ · ‖ξ‖. (7)





: (s, ξ) ∈ Xα
}⊂R+0 × X .
Setting β = α + ε = 2ε(1 + 1/q), we also consider the corresponding sets Xβ , Xβ , and Yβ , obtained simply by replacing α
by β everywhere.
The following is our stable manifold theorem. We assume that A and f are continuous functions satisfying the standing
assumptions in Section 2.
Theorem 1. If Eq. (2) admits a nonuniform exponential dichotomy with
a + α < 0 and a + ε < b, (8)




) ∈ Vλ for every (s, ξ, λ) ∈ Xβ × Y and τ  0. (9)
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∥∥Ψ λτ (s, ξ,φλ(s, ξ))− Ψ λτ (s, ξ¯ , φλ(s, ξ¯ ))∥∥ Ceaτ+εs‖ξ − ξ¯‖,
and
∥∥Ψ λτ (s, ξ,φλ(s, ξ))− Ψ μτ (s, ξ,φμ(s, ξ))∥∥ Ceaτ+εs‖ξ‖ · ‖λ − μ‖
for every s 0, ξ, ξ¯ ∈ Bs(δe−βs), λ,μ ∈ Y , and τ  0.
4. Proof of Theorem 1
We equip the space Xα with the norm
‖φ‖ = sup{∥∥φ(s, ξ)∥∥/‖ξ‖: s 0 and ξ ∈ Bs(δe−αs) \ {0}},
and we note that Xα is a complete metric space with the distance induced by this norm. For technical reasons we also
consider the space X of continuous functions
φ :
{
(s, ξ): s 0 and ξ ∈ E(s)}→ X
such that φ|Xα ∈ Xα , and
φ(s, ξ) = φ(s, δe−αsξ/‖ξ‖) whenever s 0 and ξ /∈ Bs(δe−αs).
We note that for each α there is a one-to-one correspondence between functions in Xα and functions in X. We also note
that X is a complete metric space with the distance induced by the norm φ → ‖φ|Xα‖.
Finally, we denote by Y the space of continuous functions Φ : Y → X such that, writing again Φ(λ) = φλ , for every s 0,
ξ ∈ E(s), and λ,μ ∈ Y we have
∥∥φλ(s, ξ) − φμ(s, ξ)∥∥ ‖λ − μ‖ · ‖ξ‖. (10)
Lemma 1. For each Φ ∈ Y, λ ∈ Y , and s 0 we have
∥∥φλ(s, ξ) − φλ(s, ξ¯ )∥∥ 2‖ξ − ξ¯‖ for every ξ, ξ¯ ∈ E(s).
Proof. We follow closely the proof of Lemma 4.3 in [5]. If ξ /∈ Bs(δe−αs) and ξ¯ /∈ Bs(δe−αs), then setting c = δe−αs we obtain

















Since ∥∥∥∥ ξ‖ξ‖ −
ξ¯
‖ξ¯‖




∥∥φλ(s, ξ) − φλ(s, ξ¯ )∥∥ 2‖ξ − ξ¯‖.
On the other hand, if ξ /∈ Bs(δe−αs) and ξ¯ ∈ Bs(δe−αs), then taking κ ∈ [0,1) such that x = κξ + (1− κ)ξ¯ has norm ‖x‖ = c,
we obtain
∥∥φλ(s, ξ) − φλ(s, ξ¯ )∥∥ ∥∥φλ(s, ξ) − φλ(s, x)∥∥+ ∥∥φλ(s, x) − φλ(s, ξ¯ )∥∥
 ‖ξ − x‖ + 2‖x− ξ¯‖
= ‖ξ − ξ¯‖ + ‖x− ξ¯‖ 2‖ξ − ξ¯‖.
This completes the proof of the lemma. 
The proof of Theorem 1 is divided into steps. We ﬁrst establish the existence of a unique function x satisfying
x(t) = U (t, s)ξ +
t∫
s
U (t, τ ) f
(
τ , x(τ ),φλ
(




dτ , t  s, (11)
for each given Φ ∈ Y, λ ∈ Y , s 0, and ξ ∈ E(s).
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1. for each Φ ∈ Y, given (s, ξ, λ) ∈ Xα × Y there exists a unique continuous function x = xΦ(·, λ, ξ) : [s,+∞) → X with x(s) = ξ ,
satisfying x(t) ∈ E(t) and (11) for every t  s;
2. the map λ → xΦ(·, λ, ξ) is continuous;
3. we have
∥∥xΦ(t, λ, ξ) − xΦ(t, λ, ξ¯ )∥∥ Lea(t−s)+εs‖ξ − ξ¯‖, (12)∥∥xΦ(t, λ, ξ) − xΨ (t, λ, ξ)∥∥ Lea(t−s)‖ξ‖ · ‖φλ − ψλ‖, (13)
and
∥∥xΦ(t, λ, ξ) − xΦ(t,μ, ξ)∥∥ Lea(t−s)+εs‖ξ‖ · ‖λ − μ‖ (14)
for every Φ,Ψ ∈ Y, t  s, λ,μ ∈ Y , and ξ, ξ¯ ∈ Xα .
Proof. Given δ > 0 as in (6) and (s, ξ) ∈ Xα , we consider the space B of continuous functions x : [s,+∞) → X such that





{∥∥x(t)∥∥e−a(t−s)−εs: t  s}.
It is easy to verify that B is a complete metric space with the distance induced by this norm. Given Φ ∈ Y, λ ∈ Y , and
(s, ξ) ∈ Xα , we deﬁne the operator Jλ by
( Jλx)(t) = U (t, s)ξ +
t∫
s
U (t, τ ) f
(
τ , x(τ ),φλ
(





for each x ∈ B. It follows from the proof of Lemma 1 in [4] that Jλ(B) ⊂ B, and that
‖ Jλx− Jλ y‖′  θ‖x− y‖′
for every x, y ∈ B and λ ∈ Y , where
θ = K D1+q6q+1δq/|qa + ε|.
We note that θ is independent of λ, and that Jλ is a uniform contraction in λ provided that δ is suﬃciently small. Hence,
there exists a unique function x = xΦ(·, λ, ξ) ∈ B varying continuously with λ such that Jλx = x. This concludes the proof
of the ﬁrst two statements.










|qa + ε|(1− θδq)q .
To conclude the proof it remains to establish (14) (this is the only inequality in the lemma with a variation of the parame-
ter λ). Writing yλ = xΦ(·, λ, ξ) we obtain
yλ − yμ = Jλ yλ − Jμ yμ = Jλ yλ − Jλ yμ + Jλ yμ − Jμ yμ,
and hence,
‖yλ − yμ‖′  θ‖yλ − yμ‖′ + ‖ Jλ yμ − Jμ yμ‖′.
This implies that
‖yλ − yμ‖′  (1− θ)−1‖ Jλ yμ − Jμ yμ‖′.
By (5) and (7), we have
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
∥∥ f (τ , yμ(τ ),φλ(τ , yμ(τ )), λ)− f (τ , yμ(τ ),φλ(τ , yμ(τ )),μ)∥∥
+ ∥∥ f (τ , yμ(τ ),φλ(τ , yμ(τ )),μ)− f (τ , yμ(τ ),φμ(τ , yμ(τ )),μ)∥∥
 K3q+1
∥∥yμ(τ )∥∥q+1‖λ − μ‖ + 2K∥∥φλ(τ , yμ(τ ))− φμ(τ , yμ(τ ))∥∥ · 3q∥∥yμ(τ )∥∥q
 5K3qLq+1‖ξ‖q+1e(q+1)a(τ−s)e(q+1)εs‖λ − μ‖,
using (12) in the last inequality. By (8) we have qa + ε < 0. Therefore,
∥∥( Jλ yμ)(t) − ( Jμ yμ)(t)∥∥
t∫
s
∥∥U (t, τ )∥∥a(τ )dτ








|qa + ε| .
Hence,
‖yλ − yμ‖′  θ1
1− θ ‖ξ‖ · ‖λ − μ‖.
This concludes the proof of the lemma. 
The following result can be obtained by repeating the proof of Lemma 4 in [4]. For simplicity, we write yλ = xΦ(·, λ, ξ).





)= V (t, s)φλ(s, ξ) +
t∫
s
V (t, τ ) f
(
τ , yλ(τ ),φλ
(





for every (s, ξ) ∈ Xα and t  s, then
φλ(s, ξ) = −
∞∫
s
V (τ , s)−1 f
(
τ , yλ(τ ),φλ
(





for every (s, ξ) ∈ Xα ;
2. if (16) holds for every (s, ξ) ∈ Xα = Xα(δ), then (15) holds for every (s, ξ) ∈ Xβ = Xβ(δ/L) and t  s.
Lemma 4. Given δ > 0 suﬃciently small, there is a unique function Φ ∈ Yα such that (16) holds for every λ ∈ Y and (s, ξ) ∈ Xα , with
Φ(λ) = φλ .
Proof. We note that the function xΦ constructed in Lemma 2 in fact only depends on λ and φλ , and not on λ and Φ . This
follows readily from the proof of the lemma. In particular, given φ ∈ X and λ ∈ Y we can consider the unique function
zλ = x given by Lemma 2 with φλ replaced by φ, and with x(s) = ξ . Given λ ∈ Y , we look for a ﬁxed point of the operator
Fλ deﬁned for each φ ∈ X by
(Fλφ)(s, ξ) = −
∞∫
s
V (τ , s)−1 f
(
τ , zλ(τ ),φ
(





for each (s, ξ) ∈ Xα , and
(Fλφ)(s, ξ) = (Fλφ)
(
s, δe−αsξ/‖ξ‖)
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some θ ′ < 1 independent of λ, provided that δ is suﬃciently small. Hence, there exists a unique function φλ ∈ X satisfying
Fλφλ = φλ . In particular, identity (16) holds for every λ ∈ Y and (s, ξ) ∈ Xα . Moreover, since θ ′ is independent of λ, the
function Φ :λ → φλ ∈ X is continuous.
To conclude the proof, we must show that (7) holds. We have
φλ − φμ = Fλφλ − Fμφμ = Fλφλ − Fλφμ + Fλφμ − Fμφμ,
and hence,
‖φλ − φμ‖ θ ′‖φλ − φμ‖ + ‖Fλφμ − Fμφμ‖.
Therefore,
‖φλ − φμ‖ (1− θ ′)−1‖Fλφμ − Fμφμ‖.
Now let yλ = xΦ(·, λ, ξ) be the function given by Lemma 2. By (4), (5), and Lemmas 1 and 2 we have
b(τ ) := ∥∥ f (τ , yμ(τ ),φμ(τ , yμ(τ )), λ)− f (τ , yμ(τ ),φμ(τ , yμ(τ )),μ)∥∥
 K3q+1
∥∥yμ(τ )∥∥q+1‖λ − μ‖
 K3q+1Lq+1e(q+1)a(τ−s)+(q+1)εsδqe−αqεs‖ξ‖ · ‖λ − μ‖.
Thus, we obtain
∥∥(Fλφμ)(s, ξ) − (Fμφμ)(s, ξ)∥∥
∞∫
s
∥∥V (τ , s)−1∥∥b(τ )dτ








|(q + 1)a − b + ε| .
Hence,
∥∥φλ(s, ξ) − φμ(s, ξ)∥∥ θ2
1− θ ′ ‖ξ‖ · ‖λ − μ‖,
and (7) holds provided that δ is suﬃciently small. This completes the proof of the lemma. 





)= V (t, s)φλ(s, x(s))+
t∫
s
V (t, τ ) f
(
τ , x(τ ),φλ
(





in some appropriate domain. By Lemma 2, for each given Φ ∈ Y and λ ∈ Y there exists a unique function x = xΦ(·, λ, ξ)
satisfying (11). Thus, it remains to solve (17) with this x. By Lemma 3, it is suﬃcient to ﬁnd Φ ∈ Yα such that (16)
holds for every λ ∈ Y and (s, ξ) ∈ Xα(δ). Then, by the second property in Lemma 3, identity (15) holds for every λ ∈ Y ,
(s, ξ) ∈ Xβ(δ/L), and t  s. But Lemma 4 shows precisely that there exists a unique function Φ ∈ Yα as desired. For each
λ ∈ Y and ξ ∈ Bs(δe−βs/L), we have
∥∥x(t)∥∥ Lea(t−s)+εs‖ξ‖ δea(t−s)+εs−βs = δe(a+α)(t−s)−αt  δe−αt,
since a + α < 0 (see (8)). Therefore, x(t) ∈ Xα(δ) for every t  s. This shows that by eventually making δ smaller, we can
replace the function φ in (11) by the restriction φ|Xα . In other words, there exists a unique function Φ ∈ Yα such that the
corresponding set Vλ obtained from the function φλ|Xα satisﬁes (9).
Moreover, by Lemmas 1, 2 and 4, for every τ = t − s 0 we have
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= ∥∥(t, xΦ(t, λ, ξ),φλ(t, xΦ(t, λ, ξ)))− (t, xΦ(t, λ, ξ¯ ), φλ(t, xΦ(t, λ, ξ¯ )))∥∥
 3
∥∥xΦ(t, λ, ξ) − xΦ(t, λ, ξ¯ )∥∥
 3Leaτ+εs‖ξ − ξ¯‖,
and
∥∥Ψ λτ (s, ξ,φλ(s, ξ))− Ψ μτ (s, ξ,φμ(s, ξ))∥∥
= ∥∥(t, xΦ(t, λ, ξ),φλ(t, xΦ(t, λ, ξ)))− (t, xΦ(t,μ, ξ),φμ(t, xΦ(t,μ, ξ)))∥∥
 3
∥∥xΦ(t, λ, ξ) − xΦ(t,μ, ξ)∥∥+ ∥∥xΦ(t,μ, ξ)∥∥ · ‖λ − μ‖
 4Leaτ+εs‖ξ‖ · ‖λ − μ‖,
using also (10). This completes the proof of the theorem. 
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